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ABSTRACT

Under five explicitly stated physical postulates imported from the companion ontological paper [11]—concerning a
global temporal fibration of a Lorentzian spacetime, compact boundaryless spatial fibers, spatial simple connectivity,
time-orientability, and nontrivial vertical orientation monodromy—we prove a conditional classification theorem. The
temporal base is .S 1 while the spatial fiber is S 3 by the Poincaré-Perelman theorem together with Moise’s uniqueness
of smooth structures in dimension three. We then classify all smooth S 3 bundles over S': there are exactly two
bundle-isomorphism classes, represented by the product bundle and one orientation-reversing mapping torus. Hence
the physical non-orientability postulate selects a unique admissible smooth bundle class, denoted the Klein Block X'. We
further establish geometric and topological consequences of this class: an explicit time-orientable Lorentzian metric
with spacelike fibers, a stronger fixed-point theorem for every future-directed timelike flow transverse to the fibers,
the obstruction to a globally monotone scalar entropy potential factoring through the temporal base, the integral and
mod-2 (co)homology, and the existence—but not uniqueness—of Euclidean Pin* and Pin ™ structures on the underlying
real tangent bundle. A conditional ADM statement is formulated on the infinite cyclic cover .S 3 X R, and a conditional
Margolus-Levitin estimate is stated only for explicitly modeled isolated quantum subsystems. All dynamical and
phenomenological consequences, including any physical selection among Pin structures, are deferred to Document
I [12].

Architectural Context: The Three-Paper Architecture

This paper constitutes the rigorous mathematical core of a three-part research architecture. Its mathematical formula-
tion is self-contained apart from explicitly cited standard results. Its physical motivation is established in Document I;
its dynamical consequences are developed in Document III.

1. Document I: The Ontological Engine [11]. Establishes the WHY. Derives five Closure-Admissible physical postulates
from the axioms of Identity (A = A) and the prohibition of Brute Facts.

2. Document II: The Topological Engine (This Paper). Establishes the WHAT. Accepts the five postulates as hypotheses
and executes a mathematical classification, proving that the admissible non-orientable smooth bundle class is
unique.

3. Document III: The Dynamical Engine [12]. Establishes the HOW. Formulates the conditional dynamical framework,
fermion descent, and anomaly constraints on this fixed topology.

Epistemic Boundary: The principal theorem is a classification theorem for smooth S3-bundles over S'. The paper also
proves several intrinsic geometric and topological consequences. It does not derive the five physical postulates, solve
the Einstein field equations, establish thermodynamic laws, select a Pin structure, or establish particle physics.
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1 Scope and Logical Architecture

This paper proves a conditional classification theorem. The physical postulates are imported from Document I [11]
and are not derived herein. We separate mathematical theorems, geometric consistency statements, and additional
conditional physical propositions.

Table 1: Logical Status and Mathematical Dependencies

Claim Status Mathematical Dependency

Compact connected 1-manifold 2 S* Theorem Classification of compact
1-manifolds

Closed simply connected smooth 3-manifold 22 S 3 Theorem Poincaré-Perelman [1, 2, 3] +
Moise [4]

Complete classification of smooth S 3_bundles over S! Theorem Mapping-torus classification +
Hatcher [5]

Unique orientation-reversing bundle class Corollary Previous row + nontrivial

orientation character

Automatic time-orientability in the spacelike-fiber setting Theorem Lorentzian normal line +
orientability of S!

Explicit Lorentzian metric on X Theorem Invariant product metric on
S3 xR

CTCs for all transverse future-directed timelike fields Theorem Return-map isotopy +

Lefschetz fixed-point theorem

No global monotone base-factorized entropy scalar Theorem Absolute continuity + FTC

H (X;7) Theorem Wang sequence

H*(X;Z,) Theorem Cohomological Wang sequence
+ UCT as independent check

wy # 0, w% =0,wy =0 Theorem Bundle orientation character +
H? (K;Z5)=0

Euclidean Pin™ and Pin~ structures exist Theorem Stiefel-Whitney obstruction [9]

Canonical ADM Hamiltonian vanishes weakly on Conditional ADM formalism [6, 7]

compact boundaryless lifted slices

Margolus-Levitin orthogonalization bound Conditional Quantum speed limit [10]
Temporal fibration, spatial compactness, simple Physical Postulate Imported from Doc I[11]
connectivity, time-orientability, vertical orientation

reversal

Remark 1.1 (Dependency refinement). Postulate 2.4 is retained because it belongs to the imported physical architecture,
but it is not independent of the later geometric hypotheses: once a Lorentzian metric with spacelike fibers over the
orientable base S exists, time-orientability follows automatically by Theorem 4.2. Thus time-orientability is not an
additional selector of the smooth bundle class.

2 The Closure-Admissible Postulates

The following postulates are imported from Document I [11]. They are stated here in the precise language of differential
geometry and Lorentzian geometry.
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Definition 2.1 (Physical Spacetime). Let (M, g) be a connected smooth 4-dimensional manifold equipped with a smooth
Lorentzian metric g of signature (4, —, —, —). A choice of one connected component of the timelike cone at every
point is called a time orientation. A smooth embedded hypersurface ¥ C M is spacelike if the restriction g| s, is
negative definite.

Physical Postulate 2.1 (Global Temporal Fibration). There exists a smooth fiber bundle 7 : M — B where:

1. Bisa connected, compact 1-dimensional manifold without boundary.

2. Every fiber 3, = 7 1(¢) is a connected, spacelike 3-manifold.

Physical Postulate 2.2 (Spatial Compactness and Boundarylessness). Every fiber 32, is compact and without boundary:

azt — @'

Physical Postulate 2.3 (Spatial Simple Connectivity). A (hence every) spatial fiber 3. is simply connected:

Physical Postulate 2.4 (Time-Orientability). The Lorentzian manifold (M, g) is time-orientable.

Physical Postulate 2.5 (Nontrivial Vertical Orientation Monodromy). The vertical orientation local system of the spacelike
fibers has nontrivial monodromy around the base. Equivalently, after identifying B = S ! the monodromy diffeo-
morphism of a fiber is orientation-reversing. In particular, each individual .S 3 fiber is orientable; what is nontrivial is
the transport of its orientation around the temporal loop.

Remark 2.2 (Redundancy of time-orientability). The explicit time-orientability postulate is logically retained because it
is part of the five-postulate physical architecture. Mathematically, however, it is redundant once a Lorentzian metric
and a spacelike codimension-one fibration over the orientable base B == S ! are assumed; this is proved after the
topological classification.

3 The Topological Uniqueness Chain

Theorem 3.1 (Temporal and Spatial Topology). Under Postulates 2.1-2.3, the temporal base is B = S' and the spatial
fiberis ¥ = §3.

Proof. Temporal base. By Postulate 2.1, BB is a connected, compact 1-manifold without boundary. By the classification
of compact connected 1-manifolds, the only such manifold is .S ! Hence B >~ S'.

Spatial fiber. Since dim M = 4 and dim B = 1, every fiber has dimension 3. By Postulates 2.2 and 2.3, X is a closed,
simply connected, smooth 3-manifold. Perelman’s proof of the Poincaré Conjecture implies that 3- is homeomorphic
to S° [1, 2, 3]. By Moise’s theorem, 3-manifolds possess essentially unique smooth structures; hence a closed smooth
3-manifold homeomorphic to S* is diffeomorphic to S [4]. O

Lemma 3.2 (Smooth Bundles over the Circle are Mapping Tori). Let F' be a smooth manifold and let £ — Slpea
smooth fiber bundle with fiber F. After choosing the standard covering [0, 1] — S* and a trivialization over [0, 1],
there is a diffeomorphism ¢ : F' — F'such that

F x [0,1]
(.%', 1) ~ ((Z)(.TU),O)

EgM(b::

as smooth bundles over S*. The bundle-isomorphism class over the identity of the base is determined by the conjugacy
class of [¢] € m Diff(F").
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Proof. Pull the bundle back along the universal interval model [0, 1] — S*. Because [0, 1] is contractible, the pulled-
back bundle is smoothly trivial. Comparing the trivializations over the two endpoints produces a diffeomorphism
¢ : ' — F, giving the mapping-torus model. Changing the trivialization changes ¢ by conjugation and isotopy,
so the corresponding bundle class is determined by the conjugacy class of its component in 7, Diff( F"). Conversely,
an isotopy of monodromies produces a bundle isomorphism of the mapping tori by the usual parameterized isotopy
construction. O

Theorem 3.3 (Complete Classification of Smooth S®-Bundles over S'). Up to smooth bundle isomorphism over the
identity on S !, there are exactly two smooth S 3_bundles over S*. They are represented by the mapping tori of an
orientation-preserving diffeomorphism and an orientation-reversing diffeomorphism of S 3 respectively.

Proof. By Lemma 3.2, the classification is governed by conjugacy classes in 7, Diff(.S 3 ). Hatcher’s proof of the Smale
Conjecture gives

Diff(S3) ~ O(4),  myDiff(S3) = 1,0(4) = Z,

[5]. The two components are distinguished by the degree:

deg(¢) = +1 or deg(¢) =—1.

Since Z, is abelian, its conjugacy classes are its two singleton elements. Hence there are exactly two bundle classes,
one for each orientation character. O

Corollary 3.4 (Unique Admissible Orientation-Reversing Bundle Class). Under Postulates 2.1-2.5, after choosing a diffeo-
morphism B = S 1 the physical spacetime (M, g) has a smooth bundle topology uniquely determined up to smooth
bundle isomorphism by the orientation-reversing class. It is represented by the Klein Block X .

Proof. By Theorem 3.1, choose B = S L and identify a spatial fiber with .S 3. Postulate 2.5 says that the vertical
orientation character around the generator of 7, (.S ! ) is nontrivial, hence the monodromy has degree —1. Theorem 3.3
then leaves exactly one smooth bundle class. O

Definition 3.5 (The Klein Block). We call the unique orientation-reversing smooth S 3 bundle over S! the Klein Block,
denoted K. The name is introduced here by analogy with the ordinary Klein bottle, which is the orientation-reversing
S'-bundle over S*. Concretely, embed .S 3 C R* and define the orientation-reversing reflection

r:S%— 83 r(xy,r,75,1) = (—T1,Tg, T3, Ty).
Then r is an isometry of the round metric g, 4, Satisfies r? = id, and has deg(r) = —1. Define
S3 % 10, L
X = 0, L] L>0. 0

(z, L) ~ (r(z),0)’

The parameter L is a choice of normalization of the base circle and is not a topological invariant. Because every
orientation-reversing diffeomorphism of S* lies in the unique orientation-reversing component of Diff(.S 3), every
such mapping torus is smoothly bundle-isomorphic to this model.

Corollary 3.6 (Basic Properties of X). The Klein Block X is:

1. Compact: X is the quotient of the compact fundamental domain 52 x [0, L] by endpoint identification.
2. Connected: S° x [0, L] is connected and the quotient map is continuous and surjective.

3. Non-orientable: the vertical orientation reverses after one circuit of the base, while the base and the fiber are
individually orientable.
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4. Fundamental group: 7, (KX') = Z, because the long exact sequence of the fibration gives
1— 7 (83 = 7 (X) = 7 (Sh) — 1

and 7, (S®) = 0.

5. Universal cover: ﬁfv =~ 83 x R, with deck generator
F(x,t) = (r(z),t+ L).
6. Orientable double cover: the index-two subgroup generated by F? gives

o o S0 xR 3 3 1

4 Metric Existence and Causal Structure

Theorem 4.1 (Existence of a Time-Orientable Lorentzian Metric). The Klein Block X~ admits a smooth Lorentzian metric
g of signature (+, —, —, —) such that the spatial S 3 fibers are everywhere spacelike and the spacetime is time-
orientable.

Proof. On the universal cover 7?/ =53 x R, define
g = dt2 — Ground+ (2

The deck transformation F'(x,t) = (r(x),t + L) is an isometry of § because 7 is an isometry of g,,,,4. The action
is free and properly discontinuous because it translates the R coordinate by L > 0. Hence g descends to a smooth
Lorentzian metric on K. Moreover,

F*<at> = ata

so the timelike vector field 0, descends to a global nowhere-vanishing timelike vector field on X". This proves
time-orientability, while the restriction of g to each S® fiber is —g,,,.4, hence negative definite. O

Theorem 4.2 (Automatic Time-Orientability in the Spacelike-Fiber Setting). Let (M, g) be a Lorentzian 4-manifold
carrying a smooth fiber bundle 7w : M — S whose fibers are spacelike 3-manifolds. Then (M, g) is time-orientable.

Proof. Choose a nowhere-vanishing 1-form « on the oriented circle S 1. Ateach x € M, the vertical tangent space
V., = ker dm, is spacelike of codimension one. Its g-orthogonal complement VgcL is therefore a one-dimensional
timelike subspace. The pullback 5 = 7*« annihilates V, so its metric dual ﬁﬁ liesin V;. Since « is nowhere zero
and d is surjective, (3 is nowhere zero. Consequently Bt is a smooth nowhere-vanishing timelike vector field, which
is a time orientation. O

Definition 4.3 (Lorentzian Causality vs. Topological Foliation). We distinguish two notions of ordering on X

1. Lorentzian causal relation: the relation induced by the light cones of g. This fails to be a partial order because
antisymmetry fails whenever closed timelike curves are present.

2. Topological foliation parameter: the projection 7 : X — .S ! defines a circle-valued parameter. After choosing
an orientation of S1, it supplies a cyclic ordering of the fibers, but it does not define a global real-valued time
functiont : X — R.

The topological foliation parameter is therefore distinct from any Lorentzian causal time function and should not be
interpreted as a real-valued temporal coordinate.
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Remark 4.4 (Compactness Already Forces Some CTC). Every compact Lorentzian manifold contains a closed timelike
curve; a proof is given, for example, in standard Lorentzian-causality treatments [8]. Thus compactness alone already
gives existence of some CTC on K. The theorem below is stronger: it ties a closed orbit to every smooth future-directed
timelike vector field transverse to the S° fibers, using the orientation-reversing monodromy.

Lemma 4.5 (Transverse-Flow Holonomy). Fix an orientation of the base .S Land a nowhere-vanishing positive 1-form o
on S'. Let X be a smooth vector field on X satisfying

a(dr(X)) > ¢ >0.

Then the one-winding return map on the reference fiber .S 3 is a smooth diffeomorphism isotopic to the orientation-
reversing monodromy 7.

Proof. Lift X to the universal cover S 3 % R to obtain a deck-invariant vector field X. Writing o = d# in the lifted
oriented coordinate, the hypothesis gives d6( X ) > ¢ > 0. Hence the lifted flow strictly increases the R coordinate.
Forany 7 € S3 x {0}, the first time 7;, at which the flow reaches S® x {L} exists and satisfies

T < Ljec.
Smooth dependence of the hitting time follows from the implicit function theorem because the crossing is transverse.
Applying F~1(y, L) = (r(y), 0) to the endpoint gives a smooth return map P : §3 — 3.

To construct an isotopy to 7, consider
X,=(1—-5)X+sX,, X, := thedescended field induced by 0, .

Each X is smooth and satisfies
aldrn(X,)) > (1—s)c+s>0.

Thus the corresponding return maps P, vary smoothly with s. At s = 1, the lifted flow is 0,, whose one-winding
return map is exactly . Hence P = F,, is isotopic to 7. O

Theorem 4.6 (Closed Timelike Orbits for Transverse Fields). Let ()X, ¢) be equipped with any time-orientable Lorentzian
metric such that the spatial S 3 fibers are spacelike. Then every smooth future-directed timelike vector field 7" on X
has at least one closed orbit.

Proof. Choose an orientation of the base S Landa nowhere-vanishing positive 1-form . on S 1 At every point, the
tangent space to a spacelike fiber is a negative-definite 3-plane; hence a timelike vector cannot lie in the fiber tangent
space. Therefore

dr(T) # 0.

The scalar function a/(d7r (7)) is continuous and nowhere zero on connected X, so its sign is constant. Reverse the
chosen base orientation if necessary to arrange

a(dn(T)) > 0.
Since X is compact, there is a constant ¢ > 0 such that

a(dn(T)) > c.

Lift T to a deck-invariant vector field 7" on S3 x R. By Lemma 4.5, the one-winding return map P : S 3 S3is
isotopic to 7. Therefore
deg(P) = deg(r) = —1.
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The Lefschetz number is
L(P) = Tx(P,| ) + (~1)* Te(P.|jr,) = 1 — (—1) = 2 £ 0. ©

By the Lefschetz Fixed-Point Theorem, P has a fixed point x, € S 3. The timelike integral curve through the
corresponding point of the fiber closes after one winding of the base, producing a closed timelike curve. O

Corollary 4.7 (No Global Real-Valued Time Function). No smooth function ¢ : X' — R can be strictly increasing along
every future-directed timelike curve. In particular, X" admits no global time function in the usual causality-theoretic
sense.

Proof. A closed timelike curve returns to its initial point. A strictly increasing real-valued time function would have to
satisfy ¢(p) < t(p) after traversing that curve, which is impossible. O

Remark 4.8 (Explicit CTCs for the Model Metric). For the product metric § = dt? — g,,,,q cOnstructed in Theorem 4.1,
the vector field 0, is timelike. Its integral curves are ¢ — (z,t). If x is fixed by r, the curve closes in the quotient.
The fixed-point set of

T<$1,LE2,$3, 'T4> = <*$1a 552356371'4)

is the equator x; = 0, whichisan S 2. Thus the explicit model contains an S2-family of CTCs. This stronger family
statement is model-specific and is not asserted for every compatible Lorentzian metric.
4.1 The Entropy No-Go Theorem

We establish a topological obstruction to the existence of a global scalar entropy potential that is monotonically
non-decreasing around the temporal circle.

Theorem 4.9 (Entropy No-Go on S?). Lets : S 1 — Rbe anon-constant, single-valued, absolutely continuous function.
There exists no continuous, nowhere-vanishing vector field V' on S ! such that the almost-everywhere derivative
ds(V') is nonnegative and is strictly positive on a set of positive Lebesgue measure.

Proof. Parametrize S' = R/LZ by € [0, L). Any continuous nowhere-vanishing vector field on S* has the form
V= 9(9) 86a

where g is continuous and nowhere zero. Since S L is connected, g has constant sign.

Case 1: g > 0. The condition ds(V) > 0 a.e. becomes s’ (f) > 0 a.e. Absolute continuity and single-valuedness
give

If ds(V') > 0 on a set of positive measure, then s* > 0 on a set of positive measure. Since s” > 0 a.e,, the integral
would be strictly positive, a contradiction.

Case 2: g < 0. Thends(V') > 0 a.e. implies s"(#) < 0 a.e. Again

/OLS’(Q)cw:o.

Strict positivity of ds(V') = ¢ s” on a set of positive measure forces s” < 0 on a set of positive measure, which makes
the integral strictly negative, again a contradiction. O

Remark 4.10 (Interpretation). Theorem 4.9 is specifically a theorem about a real-valued scalar that factors through
the temporal base. It does not rule out arbitrary scalar fields .S : X' — R whose values vary within a spatial fiber,
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nor does it prove that a particular physical entropy current exists. It shows that a nonconstant, single-valued scalar
potential on the temporal circle cannot be globally monotone around the entire cycle.

Conditional Physical Proposition 4.1 (Conditional: 1-Form Entropy Model). (Conditional Physical Proposition.) If a
thermodynamic arrow is modeled by a single-valued scalar potential that factors through the temporal base, S = som
for s : S — R, then Theorem 4.9 excludes a globally monotone nonconstant .S. A closed non-exact 1-form on the
base provides one mathematically natural way to encode cyclic temporal orientation.

Proof. This is a modeling observation. Let o be a closed 1-form on .S ! with

/Sloz#o.

Because 7, : mq (K) — m (S 1) is surjective, there exists a loop 7y in X projecting once around the base. Then

/ﬁ*a:/gla#o,

~y

so ¥ v is closed but not exact. Whether a physical entropy current should be represented by such a form is a question
for Document III. O

5 Canonical Hamiltonian on Compact Boundaryless Slices

The following statement is deliberately separated from the topological classification. Because X is not globally
hyperbolic, the canonical analysis is performed on the infinite cyclic cover S 3 X R, whose S? leaves are compact and
boundaryless. It is not an assertion that the quotient admits a global Cauchy problem.

Conditional Physical Proposition 5.1 (Conditional: Vanishing Canonical Hamiltonian on the Lifted Constraint Surface).
(Conditional Physical Proposition.) Consider the Einstein—Hilbert action, optionally coupled to a diffeomorphism-
invariant matter sector admitting the standard ADM decomposition, on the lifted spacetime S° x R. Let 3 = S3 be
a compact boundaryless leaf. After the standard ADM Legendre transform, the canonical Hamiltonian has the form

H[N, N'] _/(Nﬂl—i—NiJ[i)d?’x, @
3

with no residual spatial boundary contribution. On the constraint surface
C)::{}[J_ZO, %ZZO},

one has

H[N, N ~ 0,

where ~ denotes equality after restriction to the constraint surface. With matter included,

}[ii‘av + %niatter — 0’ (5)
FEY 4 Fmatter — (), (6)

Proof. The ADM Legendre transform produces lapse and shift as Lagrange multipliers for the Hamiltonian and
momentum constraints. On a spatially compact manifold without boundary, integrations by parts generate no boundary
contribution. Consequently the canonical Hamiltonian is a linear combination of the constraints. Restricting to the
constraint surface € gives H[N, N*] ~ 0 [6, 7. O
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Remark 5.1 (Non-Cauchy Slices and Terminological Caution). The S3 leaves of X are not Cauchy hypersurfaces because
the quotient contains closed timelike curves. The ADM decomposition used above therefore belongs to the lifted foliated
spacetime S 3 %X R,nottoa globally hyperbolic initial-value formulation on K. Moreover,

H anonical ~ O

C

is not a statement that an ADM energy of a compact universe has been computed and found to vanish. The standard
ADM energy is an asymptotic quantity associated with suitable noncompact spatial infinity, whereas the present
statement concerns the constrained canonical Hamiltonian on a compact slice [6, 7].

6 Spin and Pin Structures on the Klein Block

6.1 Integral Homology via the Wang Sequence

Theorem 6.1 (Integral Homology of X). The integral homology groups of the Klein Block are:

;7)) = 0. @)
Proof. The Wang sequence for the mapping torus with monodromy 7 is
3\ 1077 3 3y 47T 3
= H (8°) — H,(S°) = H,(X) = H, 1(8°) — H,_;(5°) — . ()]
The homology of S3 is H,(S3) = Z, H4(S?) = Z, and zero otherwise. The reflection r acts as +id on H,, and as

—idon Hj.

For the top groups,
2
0— Hy(K) = 757 — Hy(X) >0,

SO

H,(X)=0, Hy(X)=~27/27.

For the lower groups,
0— Hy(X)—0

forces H,(K') = 0, while
OHHl(%)HZgZHHO(%)HO

gives

Hy(X)=7, Hy(X)=Z.

The vanishing of H,(X'; Z) is also consistent with non-orientability of the closed connected 4-manifold. O

6.2 Mod-2 Cohomology and Characteristic Classes

Theorem 6.2 (Mod-2 Cohomology of K). The mod-2 cohomology groups of the Klein Block are

HY(X;2,) =7y, HY(K;Zy) =2y, H*(K;Z,)=0, H(X;Z,) =7, HK;Z,) =17,
9
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Proof. In mod-2 coefficients, the orientation-reversing monodromy acts trivially on H9(.S 3 Z,) because —1 = +1
(mod 2). Hence
id—r*=0

on every nonzero cohomology group of the fiber. The cohomological Wang sequence therefore gives
HYK:;Zy) =12,, H'K;Zy) =1,  H*(X;Z,)=0.
For the top degrees, exactness gives
0
0— H3(X;Zy) — 2y — 7y — HY(X;Z,) — 0,

so directly

H¥(K;Zy) =7, HYX;Z,) =17,
As an independent check, the Universal Coefficient Theorem gives
0 — Ext(Hy(X;2),Z5) — H3(X; Z,) — Hom(H5(X;Z2),7,) — 0,
and since {5, = 0 and H5 = Z,, one obtains
H3(X;Z,) = Hom(Zy,7,) = Z,.
The contrast
Hy(X;2) =0, HYX:;Z,) =17,
is the expected distinction between integral orientation and the mod-2 fundamental class. O

Corollary 6.3 (Vertical Orientation Class and Stiefel-Whitney Classes). Let u € Hl(Sl; Z,) denote the nonzero
generator. Then

w(TK)=7m*u+#0, w(TK)>=0, wy(TX)=0. (10)

Proof. Choose a splitting

TK =T, K &rTS!.

vert
Since S? is orientable,

vert

The latter is precisely the first Stiefel-Whitney class of the vertical orientation local system, so by Postulate 2.5 it is
7*u # 0. Since H2(X'; Z,) = 0 by Theorem 6.2, every degree-two mod-2 class vanishes. In particular,

2 _ —
wi =0, wy = 0.

6.3 Existence and Multiplicity of Euclidean Pin Structures

Theorem 6.4 (Existence of Euclidean Pin Structures). The underlying real tangent bundle of X" admits no Spin structure,
but it admits both Euclidean Pin* and Euclidean Pin ™~ structures.

Proof. ASpinstructure requires w;, = 0andw, = 0. Since w; (T°K") # 0, no Spin structure exists. The obstruction
classes for Euclidean Pin™ and Pin ™ structures are respectively

2
Woy and  wy + wy.
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By Corollary 6.3, both vanish. Hence both Pin™ and Pin™ structures exist [9]. O

Corollary 6.5 (Non-Uniqueness of Pin Structures). There are exactly two equivalence classes of Euclidean Pint structures
and exactly two equivalence classes of Euclidean Pin~ structures on 7°X .

Proof. Whenever a Pin™ structure exists, the set of equivalence classes of such structures is a torsor for ' (X; Z,).
By Theorem 6.2,
1 . Y
H (X;Zy) = Z,,

so each of the two Pin types has exactly two equivalence classes. O

Remark 6.6 (Euclidean vs. Lorentzian Pin Structures). Theorem 6.4 and Corollary 6.5 concern Euclidean Pin¥ structures
on the underlying real tangent bundle. They establish topological existence and multiplicity, not a physical choice of
Pin convention. The Lorentzian Clifford signature, the continuation prescription, and the anomaly-bordism convention
used in Document III [12] are separate inputs.

7 The Margolus-Levitin Bound: A Conditional Estimate

Conditional Physical Proposition 7.1 (Conditional: Bound on Successive Orthogonalizations). (Conditional Physical
Proposition.) Suppose the Read-Head is modeled as an isolated quantum subsystem with Hilbert space ¢y, evolving
unitarily under a time-independent self-adjoint Hamiltonian /1 that is bounded below and has ground energy I,.
Let the normalized initial state have finite expectation value and define

Ery = <HRH> — Ey > 0.

Assume the same Hamiltonian governs the subsystem throughout an interval of proper duration If Npy successive

Teyele:
ycle
transitions are each required to reach a state orthogonal to the immediately preceding state, then

2F
NRH S \‘ l;:lgcycleJ < 00

by the Margolus—Levitin quantum speed limit [10].

(11)

Proof. For a time-independent Hamiltonian, the expectation value of Hy, — E, is constant during the unitary
evolution. The Margolus-Levitin orthogonalization bound gives a lower bound

S mh
-
L= 2E,

for each orthogonalization. Summing over Ny, successive orthogonalization intervals yields

7h

N, ——
RH 2 ERH

<

cycle?

which gives the stated integer bound. O

Remark 7.1 (Conditions and Scope). The bound concerns successive orthogonalizations of an isolated subsystem. It
is not a universal theorem about logical operations, semantic distinctions, or arbitrary notions of distinguishable
“actualization.” Moreover, the parameter L in Definition 3.5 is only a base-circle normalization. It becomes a physical

proper duration 7., only after a metric and a specific closed timelike trajectory have been chosen. The dynamical

ycle
specification of such a subsystem is deferred to Document III.
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Modeling Convention 7.1 (Energy Separation Convention). The Margolus-Levitin bound depends on the positive excita-
tion energy Ey; > 0 of the modeled Read-Head subsystem. The gravitational canonical constraint

H canonical ~ 0

from Proposition 5.1 must not be substituted into the Margolus-Levitin formula. These quantities have different
meanings: the first is a gauge constraint on the generally covariant total system, while the second is the energy
expectation of an explicitly modeled isolated quantum subsystem.

8 Effects of Relaxing the Admissibility Conditions

This section records what changes if selected assumptions are relaxed. It is mathematical sensitivity analysis, not a
physical derivation of the original postulates.

Relaxing global temporal fibration (Postulate 2.1): The spacetime need no longer fiber smoothly over a compact

1-manifold. Without a global bundle map to a circle, neither the mapping-torus classification nor the one-winding

return-map argument is available in the present form.

+ Relaxing temporal compact closure within Postulate 2.1: The base may become noncompact, for example B = R.
Then the circle-valued temporal parameter and the associated periodicity obstruction disappear.

« Relaxing spatial compactness (Postulate 2.2): Noncompact fibers such as R? or other open contractible 3-manifolds
become admissible. The Poincaré—Perelman theorem no longer constrains the fiber to be S3.

* Relaxing simple connectivity (Postulate 2.3): Fibers with nontrivial 7m; become admissible. Examples include T3
and lens spaces. The Poincaré-Perelman theorem would no longer force 3 == S 3,

* Relaxing vertical orientation reversal (Postulate 2.5): Both classes in Theorem 3.3 become admissible: the product

bundle S* x S* and the twisted Klein Block.

Dropping time-orientability as a separate postulate (Postulate 2.4): Under the remaining Lorentzian spacelike-

fiber assumptions with base S ! the smooth bundle classification is unchanged because time-orientability is automatic
by Theorem 4.2. Thus this relaxation does not enlarge the admissible smooth bundle class.

Remark 8.1 (Philosophical Motivation). The physical reasons for adopting the postulates—finite actualization, topological
minimality, elimination of arbitrary handedness, and related principles—are established in Document I [11]. They are
philosophical motivations, not mathematical hypotheses. This paper treats the postulates as given and derives their
mathematical consequences.

9 Conclusion

Under the five Closure-Admissible postulates imported from Document I, the following mathematical statements have
been established.

1. The temporal base is S ! and the spatial fiber is 53 (Theorem 3.1).

2. There are exactly two smooth S3-bundle classes over S; exactly one is orientation-reversing (Theorem 3.3).

3. The non-orientability postulate therefore selects a unique admissible smooth bundle class, represented by the Klein
Block X (Corollary 3.4).

4. X is compact, connected, non-orientable, has Ty (ﬂ( ) =~ 7, universal cover S 3 % R, and orientable double cover
53 x S (Corollary 3.6).

5. X admits an explicit time-orientable Lorentzian metric with spacelike S 3 fibers (Theorem 4.1); more generally,
time-orientability is automatic for any Lorentzian spacelike-fiber bundle over .S L (Theorem 4.2).
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10.

11.

. Every smooth future-directed timelike vector field on X has a closed orbit when the .S 3 fibers are spacelike

(Theorem 4.6).

. No nonconstant absolutely continuous scalar s : S I 5 Rcanbe globally monotone along a continuous nowhere-

vanishing vector field on the base (Theorem 4.9).

. The integral homology is

H*<‘7(a Z) = (Za Z,O, ZZ’O)a

in degrees O through 4 (Theorem 6.1).

. The mod-2 cohomology is

H*(j(7 ZQ) = (227 227 07 ZQv ZQ)a
in degrees O through 4 (Theorem 6.2).
The characteristic classes satisfy

w (TK)#0, w (TK)?=0, wy(TK)=0

(Corollary 6.3).

The underlying real tangent bundle admits both Euclidean Pin ™ and Euclidean Pin~ structures, but no Spin structure;
moreover, each Pin type has two equivalence classes (Theorem 6.4, Corollary 6.5).

The principal classification result is therefore

physical postulates => B =~ S, Y ~83 M=~ .. X.

The uniqueness established here concerns the smooth bundle topology. It does not imply uniqueness of Lorentzian
metric, proper-time scale, Pin structure, matter content, quantum state, or dynamics.

The ADM statement and Margolus-Levitin estimate are additional conditional propositions, not consequences of bundle

classification alone. The dynamical and phenomenological consequences of this topology are addressed in Document
III [12]; this paper makes no claim to establish them.

Excluded Claims

This paper explicitly does not claim:

1. to derive the five Closure-Admissible postulates (they are imported from Document I);

. to prove that the physical universe actually realizes the Klein Block;

. to determine a unique Lorentzian metric or proper-time scale on the Klein Block;

. to solve the Einstein field equations or any matter-field dynamics (deferred to Document III);

. toselect a unique Pin™ or Pin™ structure or a physical Lorentzian Pin convention (deferred to Document III);

. to resolve the Tolman entropy problem or construct a physical global thermodynamic arrow;

N oo o A wWwN

. to construct the quantum state on the chronology-violating quotient.
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A Mathematical Proof Dependency Ledger

Statement Status Mathematical Dependency

B~ St Theorem Classification of compact connected
1-manifolds

N~ g3 Theorem Poincaré-Perelman [1, 2, 3] + Moise [4]

Smooth S3-bundles over S': exactly ~Theorem Mapping-torus lemma + Diff(.5%) =~ O(4) [5]

two classes

Unique orientation-reversing class Corollary Nontrivial degree character + previous row

T (K)=Z Theorem Long exact sequence of fibration

XK compact and connected Theorem Compact quotient / connected quotient

Orientable double cover 2 S® x S1  Theorem F?(z,t) = (z,t + 2L)

Lorentzian metric exists Theorem Invariant product metric on S 3xR

Time-orientability automatic under Theorem Timelike normal line is trivial over S*

spacelike-fiber hypotheses

CTCs for every transverse timelike Theorem Return-map isotopy + Lefschetz theorem

field

No global real-valued temporal Corollary Existence of CTC

function

Entropy No-Go Theorem Absolute continuity + FTC

H,(X;7)=7, Theorem Wang sequence

H*(X; Zy) =0 Theorem Mod-2 Wang sequence

wy = mu,w? = 0,wy = 0 Theorem Bundle orientation character + mod-2
cohomology

Euclidean Pin¥ exist Theorem Pin obstruction classes [9]

Two Euclidean Pin™ and two Pin ™ Corollary H! (X;Z,) = 7, torsor action

classes

canonicar <~ 0 Conditional ADM on lifted compact boundaryless

slices [6, 7]

Orthogonalization bound Conditional Margolus-Levitin [10]

B Philosophical Motivation (Imported from Document I)

The five Closure-Admissible postulates are motivated in Document I [11]. Their role in this paper is purely axiomatic:
they are hypotheses, not derived mathematical consequences.

» Temporal fibration and spatial compactness: motivated by the requirement of finite actualization.
+ Simple connectivity: motivated by topological minimality and the prohibition of ungrounded holonomy.

+ Time-orientability: retained as a physical architectural requirement, although mathematically redundant under
the later Lorentzian spacelike-fiber hypotheses.

* Nontrivial vertical orientation monodromy: motivated by the elimination of arbitrary global handedness.

These are philosophical motivations, not mathematical proofs. The classification theorem begins only after they are
accepted as postulates.
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