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ABSTRACT

Framework input. The Klein Block 𝒦, the non-orientable 𝑆3-bundle over 𝑆1 with reflection monodromy selected

in the companion topological paper [16]. The present paper treats that identification as input and performs additional

dynamical, fermionic, defect, and bordism analysis.

Established. Subject to explicitly stated hypotheses, the paper proves: (i) compatibility of the twisted Einstein-matter

return condition with constraint propagation, conditional on a symmetry of the full matter action; (ii) kinematic temporal

periodicity of any FLRW metric that descends to the quotient; (iii) kinetic-sector equivariance of the Weyl operator

once the required generalized fermion bundle and connection data exist; (iv) a conditional nodal theorem forcing the

𝑆2 × 𝑆1 fixed locus into the zero set of an orientation-odd condensate; and (v) one-sidedness of that locus. The paper

also derives the integer charge assignment and ordinary gauged-𝐵 − 𝐿 anomaly cancellations and proves that the

pure-gravitational Pin+ bordism class of the Klein Block is zero for both Pin+ structures.

Central negative result. The Klein Block is not a generator of the pure gravitational ΩPin+

4 ≅ ℤ16 group. The proposed

anomaly mechanism therefore cannot be attributed to spacetime topology alone. Any nontrivial realization must arise,

if at all, from additional generalized gauge, fermionic, or deck-equivariant data. The corresponding mixed bordism

problem is formulated but not evaluated here.

Not claimed. The paper does not claim to have constructed the full Standard Model bundle on the quotient, found a non-

linear cyclic Einstein-matter solution, constructed a physically acceptable quotient QFT state, computed the condensate,

evaluated the mixed Smith invariant, derived a nonzero baryon asymmetry, or resolved the Tolman entropy problem.

Purpose of this paper. Document III is therefore a constructive foundation for the dynamical completion of the three-

paper programme. Its scientific output is the set of results already proved together with a sharply defined sequence of

necessary mathematical and physical tests. A failure of any necessary test would constrain or falsify the proposed model;

a successful chain of resolutions would upgrade the three-paper construction toward a complete physical model.

Architectural Context: The Three-Paper Architecture

This paper constitutes the dynamical capstone of a three-part research architecture:

1. Document I: The Ontological Engine [15]. Derives the five Closure-Admissible postulates from the axioms of

Identity (𝐴 = 𝐴) and the prohibition of Brute Facts.

2. Document II: The Topological Engine [16]. Proves that the postulates uniquely force the Klein Block topology

within the specified bundle category. The manifold identification and uniqueness result are imported here; the

additional bordism and defect calculations below are new results of Document III.

3. Document III: The Dynamical Engine (This Paper). Constructs the conditional dynamical, fermionic, defect, and

anomaly framework on the selected Klein Block and specifies the completion tests required before the resulting

structure can be regarded as a complete physical model.

Programme-level epistemic status. The three papers are intended to construct a candidate model of reality, not to declare

that reality has already been proved to possess that structure. Document III is deliberately written so that the candidate

can be strengthened, constrained, modified, or falsified by explicit future calculations. The paper is therefore neither a

completed cosmology nor an unconstrained speculation: it is the dynamical and quantum consistency foundation of

the proposed three-paper model.
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Results Ledger

Every major statement in this paper belongs to exactly one of the following categories.

Table 1: Logical status categories used throughout this paper.

Status Meaning

Theorem Follows from stated assumptions with a complete argument in this paper

Conditional theorem Proved given stated hypotheses, including structures not yet constructed

Derived Algebraic/geometric consequence of established structure

Conditional True if a clearly stated missing hypothesis is established

Assumed Adopted as a model-building input, not derived here

Proposed mechanism A physically motivated route, not a demonstrated result

Open Requires a calculation or proof not supplied here

Excluded Explicitly not claimed by this paper

ii
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Table 2: Status of every major claim in this paper.

Claim Status

Twisted constraint compatibility Conditional theorem (Thm. 2.2)

Kinematic temporal periodicity under FLRW ansatz Theorem (Thm. 2.4)

Free-fermion kinetic-sector equivariance Conditional theorem (Thm. 3.5)

Conditional nodal locus for an orientation-odd condensate Conditional theorem (Thm. 4.1)

One-sided normal bundle of the nodal locus Lemma (Lemma 4.4)

Line-bundle equivalence criterion for Defects A and B Lemma (Lemma 4.3)

𝐶2 = 1 for the chosen bundle lift Modeling condition on the lift (Lemma 3.2)

Internal deck-lift relation 𝑈2
𝐹 = (−1)𝐹 Derived from the stated lift relations (Remark 3.4)

Local Pin− versus Euclidean Pin+ Clifford signs Derived local convention; global identification

separate

𝐻total presentation Formulated abstractly; not yet a principal bundle

Integer charge table Derived from chosen charge convention (Table 3)

Ordinary gauged-𝐵 − 𝐿 anomaly cancellation Derived/checkable (Sec. 5)

Two-stage Abelian Higgsing by Φ4 and a charge-2 mod 4 field Derived at the group-theoretic level

Electroweak Higgs VEV performs the ℤ𝑋
4 → ℤ𝐹

2 reduction Modeling assumption within the epoch history

Φ2 Majorana operator Gauge-invariant operator (Eq. 13)

Fermion-spectrum ℤ16 relation Imported anomaly result applied to the charge

assignment

Pure-gravitational Klein Block Pin+ class Theorem: 0 (Thm. 5.1)

Defect A/B homology-class matching Conditional (Lemma 4.3)

Universal-cover dynamics Assumed (Post. 2.1)

Twisted return condition Modeling convention (Def. 2.1)

Defect-localized chiral transport Proposed mechanism

4D-to-3D anomaly inflow Proposed mechanism

CP-odd source from the seam/defect Proposed mechanism

Twisted Poincaré fixed point Open (OP-1)

Quotient-compatible quantum state Open (OP-2, OP-19)

Full SM Lagrangian invariance Open (OP-3)

Mixed Smith evaluation Open (OP-4, OP-18)

Pure-gravitational generator claim Resolved negatively: both pure classes are trivial

𝐵 − 𝐿 quotient observable Open (OP-6)

Exact condensate profile Open (OP-7)

Microscopic condensate sector Open (OP-8)

Nonzero condensation/transversality/stability Open (OP-9)

Defect alignment Open (OP-10)

Stress tensor and backreaction Open (OP-11)

Localized fermion modes Open (OP-12)

CP-odd source term Open (OP-13)

Naive covering-space CP-odd integral vanishes Derived (OP-14)

𝐵 − 𝐿-violating dynamics Open (OP-15)

Boltzmann network Open (OP-16)

Quantitative baryon asymmetry Open (OP-17)

Exact generalized background bundle Open (OP-18)

Physical quotient QFT Open (OP-19)

Vacuum polarization Open (OP-20)

Cyclic temporal cancellation Open (OP-21)

Tolman entropy consistency Open (OP-22)

Mode coupling, Bogoliubov evolution, and implementability Open (OP-23)

iii
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Logical Dependency Structure

The actual logical structure of this paper is a directed graph with established, conditional, and open edges. The most

important distinction is between the pure geometric topology and the additional structure needed to define fermions,

gauge fields, and quantum states globally.

Topology ⇒ kinematic descent conditions [Theorem/conditional]

Topology + local generalized fermion structure + deck lift

⇒ candidate fermion equivariance
[Conditional theorem]

equivariant orientation-odd section + smoothness/transversality

⇒ forced nodal locus
[Conditional theorem]

specified 5D generalized structure + Smith map

+nontrivial resulting invariant ⇒ mixed anomaly realization
[Open]

quotient-compatible state + microscopic source + 𝐵-𝐿 violation

+transport + non-cancellation ⇒ 𝜂𝐵
[Open]

iv
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1 Introduction and Scope

The topological classification of the universe as the Klein Block 𝒦 [16] provides the geometric stage upon which

the dynamical programme must be tested. A topological classification is a global constraint on admissible field

configurations; it is not by itself a solution of the field equations or a definition of the physical quantum state. Document

III therefore asks the next question: which classical fields, fermion structures, defects, and quantum consistency

conditions can be imposed on this topology, and which of those conditions remain to be solved?

Precedents. Several lines of recent work provide structural precedents for pieces of the construction. None is identical

to the present model.

Tzanavaris, Boyle, and Turok [1] study the Einstein–Hilbert variational problem when a spacelike singularity is treated

as a free boundary. They derive reflecting-type boundary conditions and show that conformally regular FLRW solutions

are admissible under appropriate matter conditions. Their setting is a singular spacelike boundary, not a smooth

temporal quotient; the present citation is therefore a precedent for boundary-based cosmological consistency, not a

validation of the Klein Block.

Boyle, Finn, and Turok [2] proposed a CPT-symmetric cosmology in which a temporal reflection relates the two sides of

a bounce. That construction differs essentially from the present mapping-torus geometry, whose deck transformation

translates forward in the time coordinate. It is cited as a comparison for entropy, CPT, and cosmological state questions.

Greene, Kabat, Levin, and Porrati [8, 9] study non-orientable Klein-bottle compactifications and find condensate-wall

and particle-production effects in higher-dimensional models. Their compactification is not the four-dimensional

𝑆3-bundle-over-𝑆1 spacetime studied here. It provides a precedent that non-orientability can produce nontrivial

fermionic and CP-sensitive structures, not a derivation of the present construction.

Goal of this paper. This paper constructs a conditional dynamical foundation for the three-paper model. It does

not solve every dynamical problem. Instead, it proves the consequences that follow from the specified geometry and

hypotheses, identifies precisely where additional mathematical structures are required, and converts the remaining

physics into explicit completion tests. This distinction is central to the scientific status of the three-paper programme:

the model is constructed as a candidate whose consistency can be tested, not as a conclusion that every proposed

consequence has already been demonstrated.

The five principal outputs are:

1. Kinematic descent and temporal periodicity (Section 2). Status: theorem/conditional theorem; existence and

stability of a twisted periodic solution remain open.

2. Free-fermion kinematic descent (Section 3). Status: conditional theorem in the kinetic sector; the complete global

generalized bundle and deck lift remain open.

3. Conditional nodal defect structure (Section 4). Status: conditional theorem for the nodal locus; dynamical

realization and alignment remain open.

4. Formal mode equation and baryogenesis obstruction analysis (Section 4). Status: formulated; evaluation is

open.

5. Pure Pin+ obstruction and mixed Smith programme (Section 5). Status: pure class computed to be trivial; the

genuinely mixed generalized problem remains open.

2 Kinematic Descent Conditions and Temporal Periodicity

2.1 Chronology Status of the Quotient

For the FLRWmetric used below, 𝜕𝑡 is timelike and

𝐹 2(𝑥, 𝑡) = (𝑥, 𝑡 + 2𝐿𝑡). (1)

1
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Hence the projected curve through any fixed spatial point is closed after two deck steps and is timelike. On the fixed

locus of 𝑟, one deck step closes the projected timelike curve. Thus the descended FLRW quotient contains a closed

timelike curve through every point. For a general Lorentzian metric on the cover, chronology violation is an additional

property of the metric and does not follow from the topology alone.

All dynamical calculations in this paper are performed on the globally hyperbolic universal cover 𝒦 = 𝑆3 × ℝ and

are then required to satisfy quotient equivariance. This is a deliberate separation: calculations on the cover are a

calculational device, while a physical quotient theory requires a separately constructed state and observable algebra.

Cover dynamics ≠ an already-defined physical QFT on the quotient. In particular, the existence of a globally hyperbolic

covering-space evolution does not by itself establish existence of a regular quantum state, renormalized stress tensor,

or unitary quotient dynamics on the chronology-violating spacetime.

The Kay–Radzikowski–Wald theorem is relevant only when its hypotheses concerning compactly generated Cauchy

horizons and the specified quantum extension are satisfied; the present paper does not assume that those hypotheses

have been established for every metric in the Klein Block class [10]. The issue is therefore retained as a concrete QFT

consistency problem rather than converted into an unconditional no-go theorem.

2.2 The Universal Cover and the Twisted Return Map

Physical Postulate 2.1 (Universal-Cover Dynamics). Let 𝒦 = 𝑆3 × ℝ carry a globally hyperbolic Lorentzian metric 𝑔
and matter fields Φ constituting a sufficiently regular solution to the Einstein–matter field equations,

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺 𝑇𝜇𝜈 . (2)

The required regularity is whatever is needed for the chosen hyperbolic formulation and for the quantities subsequently

used in the return map.

The physical spacetime is the quotient 𝒦 = 𝒦/⟨𝐹⟩, where

𝐹(𝑥, 𝑡) = (𝑟(𝑥), 𝑡 + 𝐿𝑡), 𝑟(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (−𝑥1, 𝑥2, 𝑥3, 𝑥4), 𝐿𝑡 > 0. (3)

Definition 2.1 (Twisted Return Condition). Let Σ𝑡 ≅ 𝑆3 be a Cauchy slice on the universal cover. The geometric part of

the identification maps Σ𝑡 to Σ𝑡+𝐿𝑡
by 𝑟. Let 𝑈𝐹 denote the fiber/bundle automorphism covering the internal part

of the deck lift. A field configuration descends when

𝐹 ∗𝑔 = 𝑔, 𝐹 ∗Φ ≃ Φ, (4)

where ≃ denotes the appropriate bundle, gauge, or generalized-fermion action. On reduced phase space, after

identifying the two slices by 𝑟, the return condition is

[ℰ𝐿𝑡
(Γ)]𝒢 = [𝑈𝐹 𝑟∗Γ]𝒢, (5)

where Γ denotes canonical initial data on Σ𝑡 and ℰ𝐿𝑡
is the evolution map through [𝑡, 𝑡 + 𝐿𝑡] on the subset of data

for which a sufficiently regular solution exists on the whole interval.

The distinction between 𝐹 and 𝑈𝐹 is essential. The geometric deck transformation satisfies 𝐹 2 ≠ id on the universal

cover, whereas the square of the internal deck lift may be a central fermion-parity element. This distinction is used

explicitly in Section 3.

Theorem 2.2 (Constraint Compatibility Under Twisted Evolution). Assume: (i) the Einstein–matter evolution is well

posed on the interval under consideration; (ii) the constraints propagate for that evolution; and (iii) the internal

2
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deck lift together with the spatial monodromy 𝑟 is a symmetry of the full matter action, including all gauge and

matter constraints. Then any initial data Γ on the Einstein–matter constraint surface 𝒞 satisfy ℰ𝐿𝑡
(Γ) ∈ 𝒞, and

𝑈𝐹 𝑟∗Γ ∈ 𝒞. Consequently the twisted return condition (5) is compatible with the constraint surface.

Proof. By assumption (ii), the Einstein–matter evolution maps constraint-satisfying data to constraint-satisfying data,

so ℰ𝐿𝑡
(Γ) ∈ 𝒞. By assumption (iii), the map induced by the spatial diffeomorphism 𝑟 and the accompanying

gauge/bundle automorphism preserves the Hamiltonian andmomentum constraints and the internal gauge constraints.

Hence 𝑈𝐹 𝑟∗Γ ∈ 𝒞 whenever Γ ∈ 𝒞. Both representatives in (5) therefore lie in the same reduced constraint

space.

Remark 2.3 (Scope of Theorem 2.2). The theorem establishes compatibility of the proposed twisted return condition

with constraint propagation. It does not establish existence of a solution of the fixed-point equation (5). Existence is

OP-1.

2.3 Kinematic Temporal Periodicity

Theorem 2.4 (Kinematic Temporal Periodicity). Any FLRWmetric

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡) 𝑑Ω2
3 (6)

on 𝒦 that descends to 𝒦 satisfies

𝑎(𝑡 + 𝐿𝑡) = 𝑎(𝑡). (7)

Proof. The quotient condition 𝐹 ∗𝑔 = 𝑔 requires

𝑎2(𝑡 + 𝐿𝑡) 𝑟∗𝑑Ω2
3 = 𝑎2(𝑡) 𝑑Ω2

3. (8)

Since 𝑟 is an isometry of the unit three-sphere, 𝑟∗𝑑Ω2
3 = 𝑑Ω2

3. Therefore 𝑎2(𝑡 + 𝐿𝑡) = 𝑎2(𝑡). A nondegenerate

FLRWmetric has 𝑎(𝑡) > 0, hence 𝑎(𝑡 + 𝐿𝑡) = 𝑎(𝑡).

Remark 2.5 (Scope of Theorem 2.4). This is a periodic boundary condition on the scale factor. It is not a periodic

dynamical solution, a stable cyclic attractor, or a proof of a nonsingular solution with 0 < 𝑎min < 𝑎max < ∞.

Existence depends on the Einstein–matter equations, matter content, equation of state, and global regularity and

remains open. The phrase “kinematic temporal periodicity” denotes the quotient condition only.

2.4 Open Problem OP-1: Twisted Poincaré Fixed Point and Stability

The nonlinear equation

ℰ𝐿𝑡
(Γ) = 𝑈𝐹 𝑟∗Γ (9)

is a twisted Poincaré return-map problem. A solution would provide a nonsingular Einstein–matter configuration on

the universal cover that descends to the Klein Block. Floquet multipliers are then defined by linearizing the return

map about that periodic solution. Thus OP-1 contains two logically distinct questions: existence of a twisted fixed point

and stability of the resulting cycle.

2.5 Open Problem OP-22: The Tolman Entropy Problem

A periodic geometry combined with irreversible particle production raises a thermodynamic consistency problem:

entropy production in one cycle must be reconciled with return to the same quotient geometry and, for any proposed

stationary or Floquet state, with the appropriate return condition on the physical state. Unlike the CPT-symmetric

universe programme [2], the deck transformation here advances 𝑡 and contains no temporal reversal. No entropy

theorem is claimed; OP-22 askswhether a consistent thermodynamic state can exist at all once themicroscopic dynamics

and state have been specified.

3



Twisted Dynamics DOCUMENT III · HOW

3 Free-Fermion Kinematic Descent and Generalized Structure

3.1 Abelian Normalization and Gauge-Basis Conventions

The UV Abelian gauge factors are 𝑈(1)𝑌 × 𝑈(1)𝐵−𝐿. In the all-right-moving fermion convention, (𝐵 − 𝐿)int =
3(𝐵 − 𝐿) is the integer matter charge normalization in which quarks carry +1 and leptons carry −3. Define

𝑄𝐵 ≡ 5(𝐵 − 𝐿)int, 𝑋 ≡ −2𝑌int + 𝑄𝐵. (10)

The change of Abelian basis

(𝑌int, 𝑄𝐵) ↦ (𝑋, 𝑌int) (11)

has integer determinant −1. Thus it is a 𝐺𝐿(2, ℤ) change of the Abelian charge lattice. At the Abelian lattice/Lie-

algebra level this may be represented as𝑈(1)𝑋 ×𝑈(1)𝑌 ; the full global gauge group remains subject to the Standard-

Model center quotient and its compatibility with the deck automorphism. That global quotient is not suppressed into

the Abelian basis change.

In this basis a charge-4 scalar VEV leaves a ℤ𝑋
4 subgroup. A subsequent VEV of any field with 𝑋-charge congruent to

2 (mod 4) reduces this subgroup to its order-two subgroup. Thus the group-theoretic chain is

𝑈(1)𝑋 × 𝑈(1)𝑌
⟨Φ4⟩
−−→ ℤ𝑋

4 × 𝑈(1)𝑌
⟨Φ2⟩ or ⟨𝐻⟩
−−−−−−→ ℤ𝑋

2 × 𝑈(1)𝑌 . (12)

On the fermion spectrum the order-two element is identified with (−1)𝐹 because every fermion has odd 𝑋-charge.

Electroweak symmetry breaking is a separate operation on 𝑆𝑈(2)𝐿 × 𝑈(1)𝑌 .

The complex scalarΦ2 is distinct from the real sign-line section𝜙𝑋 introduced later. The latter is an induced low-energy

order parameter and not an independently normalized UV gauge field.

The gauge-invariant right-handed Majorana operator is

ℒ𝑀 = −1
2

𝑦𝑁Φ2 𝜈𝑅𝜈𝑅 + h.c. (13)

with

6 − 3 − 3 = 0, 30 − 15 − 15 = 0 (14)

for (𝐵 − 𝐿)int and 𝑋, respectively. The charge assignment therefore permits a gauge-invariant Majorana mass. Its

rate, phase, and transport role remain open.

At one loop the matter spectrum has

Tr(𝑌int𝑄𝐵) = −240 (15)

per generation, equivalently

Tr(𝑌int(𝐵 − 𝐿)int) = −48. (16)

Hence vanishing Abelian kinetic mixing can be imposed as a matching/renormalization condition at a chosen scale,

but is not protected by the displayed matter spectrum alone. This is separate from gauge-anomaly cancellation.
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Table 3: Integer 𝑋-charge assignment for the fermion multiplets in the all-right-moving convention.

Field 𝑌int (𝐵 − 𝐿)int 𝑋 = −2𝑌 + 5(𝐵 − 𝐿)

ℓ𝑐
𝐿 −3 3 21 ≡ 1

𝑞𝑐
𝐿 1 −1 −7 ≡ 1

𝑒𝑅 6 −3 −27 ≡ 1
𝑢𝑅 −4 1 13 ≡ 1
𝑑𝑅 2 1 1 ≡ 1
𝜈𝑅 0 −3 −15 ≡ 1

Table 4: Scalar charge assignments for the proposed symmetry-breaking pattern. The primitive integral Abelian charge

is 𝑄𝐵 = 5(𝐵 − 𝐿)int.
Scalar 𝑌int (𝐵 − 𝐿)int 𝑋

Φ4 0 4/5 4
Φ2 0 6 30 ≡ 2 (mod 4)
𝐻 3 0 −6 ≡ 2 (mod 4)

3.2 Notation Table for Distinct Operations

The following objects are distinct and must not be identified.

Table 5: Distinct operations and fields.

Symbol Type Role

𝑟 spatial reflection geometric monodromy

𝐶 gauge/bundle automorphism charge conjugation

̃𝑟 Pin lift fermionic geometric action on fibers

𝑥 internal ℤ𝑋
4 generator discrete gauge transformation

𝐹 full deck lift bundle automorphism covering 𝐹
𝑈𝐹 fiber/internal part of 𝐹 internal gluing data

Σ5 orientation-line section geometric CP-odd order parameter

𝜙𝑋 𝐿𝑋 -section induced real sign-line order parameter

3.3 Local Generalized Fermion Structure and the Global Deck Lift

Definition 3.1 (Local Generalized Fermion Structure). The local fermion bundle is described by a generalized spin

structure in which the fermionic central element is identified with the order-two element of an internal ℤ4 extension.

Abstractly, introduce generators ̃𝑟, 𝐶 , 𝑥, and (−1)𝐹 satisfying

̃𝑟2 = (−1)𝐹 , 𝐶2 = 1, 𝑥4 = 1, 𝑥2 = (−1)𝐹 ,
[ ̃𝑟, 𝑥] = 0, [ ̃𝑟, 𝐶] = 0, 𝐶𝑥𝐶−1 = 𝑥−1,

[(−1)𝐹 , ̃𝑟] = [(−1)𝐹 , 𝐶] = [(−1)𝐹 , 𝑥] = 1, ((−1)𝐹 )2 = 1.
(17)

The subgroup generated by the local spin lift and 𝑥 is of Spinℤ4 type, namely Spin ×ℤ𝐹
2

ℤ4 in the standard notation.

The charge-conjugation action is additional structure. The geometric deck action is also additional structure and is not

promoted here to a local gauge generator.

5
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A full deck lift is a bundle automorphism

𝐹 = (𝐹 , 𝑈𝐹 ), (18)

covering the geometric map 𝐹 . The relations in (17) specify a candidate internal action

𝑈𝐹 = ̃𝑟 𝐶 𝑥, (19)

but do not by themselves construct the corresponding principal bundle, Pinor bundle, or representation. Those

constructions remain open in OP-18.

Lemma 3.2 (Charge-Conjugation Automorphism and Chosen Lift). Complex conjugation defines an involutive automor-

phism of the relevant Standard-Model gauge-group representation data at the group-automorphism level: it sends each

representation to its conjugate and preserves the ℤ6 center quotient. For the fermionic deck construction one must

additionally choose a bundle automorphism 𝐶 covering this group automorphism and impose 𝐶2 = 1 on that lift.

The latter is a condition on the chosen bundle data, not a consequence of the abstract gauge-group involution alone.

3.4 Five-Stage Construction

The complete fermion construction proceeds in five stages. Stage 1 is formulated here; Stages 2–5 remain open.

1. Abstract local structure: the generalized relations in Definition 3.1. [Formulated.]

2. Field representations: representations of the local generalized structure and gauge group on the complete SM

field content. [Open.]

3. Principal local bundle: a principal bundle for the local structure group on 𝒦. [Open.]

4. Associated Pinor bundle: the associated spinor/Pinor bundle with its gauge representations. [Open.]

5. Global deck lift: a lift 𝐹 covering 𝐹 , compatible with the chosen generalized fermion structure and any Smith-

induced Pin+ data. [Open.]

Remark 3.3 (Local structure versus global gluing). The distinction between the local principal bundle and the global

deck lift is essential. The deck generator is not a local gauge field. Treating it as such would obscure the difference

between a local generalized spin structure and the global monodromy that identifies the quotient.

3.5 Global 𝐵-𝐿 Observable and Quotient Compatibility

Because the deck gluing includes charge conjugation, the covering-spacematter current obeys the formal transformation

rule

𝑈∗
𝐹 𝐽𝐵−𝐿 = −𝐽𝐵−𝐿 (20)

when the current is evaluated in the corresponding conjugate representation. Once the bundle is constructed, this is

naturally represented by a local-system-valued current

𝐽𝐵−𝐿 ∈ Ω1(𝒦; ℒ𝐵−𝐿) (21)

for the real sign local system associated with the charge-conjugation action.

Because 𝐵 − 𝐿 is gauged in the UV, however, the quantity

𝑄𝐵−𝐿 = ∫
Σ

∗𝐽𝐵−𝐿 (22)

is not automatically a physical global charge. A valid observable must also satisfy the gauge Gauss constraint on the

compact spatial slice, must be compatible with the symmetry-breaking sector, and must descend through the deck

identification. OP-6 therefore asks for a gauge-invariant, quotient-compatible low-energy asymmetry observable; it

need not be the integral of the naive current above.

6
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3.6 Three-Layer Pin Continuation

Layer A: Local Lorentzian Clifford calculation. For coordinates ordered as (𝑡, 𝑥1, 𝑥2, 𝑥3), the spatial reflection is

𝑟𝑝(𝑡, 𝑥1, 𝑥2, 𝑥3) = (𝑡, −𝑥1, 𝑥2, 𝑥3), (23)

with Jacobian diag(1, −1, 1, 1). In Lorentzian signature (+ − −−), a Clifford lift by 𝛾1 has

(𝛾1)2 = −1. (24)

In the generalized fermion structure adopted here, this central sign is identified with (−1)𝐹 . This is a convention for

the fermionic lift, not a theorem that all reflection lifts in all signatures have the same square.

Layer B: Euclidean continuation. Under the local Wick-rotation convention 𝛾1
𝐸 = 𝑖𝛾1

𝐿, one obtains

(𝛾1
𝐸)2 = −(𝛾1

𝐿)2 = +1, (25)

which is the local Euclidean Clifford sign associated with a Pin+ reflection convention. This local calculation does not

by itself construct a global Euclidean Pin+ structure on the quotient. The global structure is determined separately by

the tangent bundle and the chosen global lift.

Layer C: Global bundle identification. For the present Klein Block, the pure-gravitational Pin+ class can be decided

independently of this local continuation: the manifold bounds the unit disk bundle 𝐷(𝐸) of the rank-four bundle
𝐸 = 𝜇⊕𝜀3 , and both Pin+ structures extend. Thus the pure Pin+ bordism class is zero. The remaining open problem

is whether the additional generalized gauge/deck structure defines a nontrivial mixed bordism class.

3.7 Pinor Descent and the Internal 𝑈2
𝐹 Calculation

Because 𝒦 is non-orientable, global chirality is not defined. A Weyl decomposition remains available on the oriented

universal cover, where a chosen local left-handed Weyl spinor 𝜒𝐴
𝛼 may satisfy the candidate semilinear deck condition

𝜒𝐴
𝛼 (𝑥, 𝑡 + 𝐿𝑡) = 𝑆(𝑟)𝛼

̇𝛽 𝜌(𝜅𝐺)𝐴
𝐵̄ 𝑒−𝑖𝜋𝑞𝑋/2 𝜒𝐵̄

̇𝛽 (𝑟(𝑥), 𝑡). (26)

Here𝑆(𝑟) is a chosen geometric Pin lift,𝜅𝐺 is the gauge-group automorphism sending a representation to its conjugate,

and the ℤ𝑋
4 phase is the action of 𝑥 in the chosen representation. Equation (26) is a candidate global gluing law, not

yet a constructed quotient bundle.

Remark 3.4 (Internal deck square and the geometric deck square). With

𝑈𝐹 = ̃𝑟𝐶𝑥, (27)

and the relations in Definition 3.1, the internal fiber action satisfies

𝑈2
𝐹 = ̃𝑟𝐶𝑥 ̃𝑟𝐶𝑥 (28)

= ̃𝑟2𝐶𝑥𝐶𝑥 since [ ̃𝑟, 𝐶] = [ ̃𝑟, 𝑥] = 0 (29)

= ̃𝑟2𝐶(𝐶𝑥𝐶−1)𝑥 (30)

= ̃𝑟2𝐶2𝑥−1𝑥 (31)

= (−1)𝐹 . (32)

This is a statement about the internal/fiber lift. It must not be confused with the geometric fact

𝐹 2(𝑥, 𝑡) = (𝑥, 𝑡 + 2𝐿𝑡) ≠ (𝑥, 𝑡) (33)
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on the universal cover. Thus the central fermion-parity sign describes the square of the internal monodromy, not the

square of the spacetime deck translation itself.

Theorem 3.5 (Free-Fermion Kinetic-Sector Equivariance). Assume that: (i) the generalized fermion bundle and its deck lift

covering 𝐹 exist; (ii) the chosen Pin/geometric lift intertwines the spin connection and vierbein under 𝑟; (iii) the gauge
connection is compatible with the gauge automorphism 𝜅𝐺; and (iv) the full internal lift 𝑈𝐹 acts on the representation

as specified. Then the kinetic Weyl operator intertwines with the deck lift. In particular, if 𝜒 satisfies (26), then

𝑖𝜎̄𝜇𝐷𝜇𝜒 satisfies the corresponding transformed equivariance condition.

Proof. Let 𝐷 denote the covariant Weyl operator built from the vierbein, spin connection, and gauge connection. By

assumptions (ii) and (iii), pulling the operator back by the spatial monodromy and applying the bundle automorphisms

gives

𝐷 ∘ 𝑈𝐹 𝑟∗ = 𝑈𝐹 𝑟∗ ∘ 𝐷 (34)

on sections related by the semilinear charge-conjugation map, with the usual representation conjugation understood.

Hence the image of an equivariant section is again equivariant. The proof uses only covariance of the kinetic operator;

it does not establish existence of the bundle, of the interacting theory, or of a quotient-compatible quantum state.

3.8 What Remains for Interacting Standard Model Descent

Theorem 3.5 concerns the kinetic sector only. OP-3 requires the full Standard Model Lagrangian to be invariant under

the generalized deck action. In flavor space, generalized-CP constraints take schematic form

𝑌𝑓 = 𝑋†
𝐿𝑌 ∗

𝑓 𝑋𝑅, (35)

with unitary flavor-space matrices 𝑋𝐿, 𝑋𝑅 determined by the chosen generalized transformation, and analogous

constraints for all Yukawa sectors. The following remain open:

• generalized-CP constraints on Yukawa couplings and mass matrices;

• Higgs potential descent;

• gauge kinetic terms and topological 𝜃-terms;

• flavor structure, CKM and PMNS phases;

• compatibility with the global Standard-Model center quotient;

• full invariance 𝐹 ∗ℒSM = ℒSM.

4 Conditional Nodal Defect Structure and Formal Mode Equations

4.1 Two Distinct Defects

1. Defect A (geometric CP nodal locus). The fixed spatial locus of 𝑟 becomes a forced zero set conditional on an

orientation-odd condensate. The CP-odd condensate is represented by a section

Σ5(𝑥) ≡ ⟨Ψ̄𝑖𝛾5Ψ⟩ren ∈ Γ(ℒor), (36)

where Ψ is a Pinor field and the pseudoscalar bilinear is interpreted as an orientation-line-valued object.

2. Defect B (Smith/anomaly defect candidate). Let 𝑃𝑋 denote the residual ℤ𝑋
4 gauge bundle and let 𝐿𝑋 be the

real sign line associated with the homomorphism

𝜌sign ∶ ℤ4 ⟶ 𝑂(1), 𝜌sign(𝑥) = −1. (37)
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Equivalently, this representation factors through ℤ4/⟨𝑥2⟩ ≅ ℤ2. The induced real order parameter is a section

𝜙𝑋 ∈ Γ(𝐿𝑋), (38)

and a transverse zero set 𝑊𝐵 = 𝑍(𝜙𝑋) is the candidate three-dimensional gauged defect. A microscopic

construction of 𝜙𝑋 is not yet supplied.

Defect A and Defect B are not identified in this paper. The geometric CP defect may provide a topological seed for the

ℤ𝑋
4 -breaking sector, but dynamical alignment is OP-10.

4.2 Conditional Nodal Theorem for an Orientation-Odd Condensate

Theorem 4.1 (Conditional Nodal Theorem). Assume: (i) a renormalized state exists for which Σ5 is a smooth section

of ℒor; (ii) the state is invariant under the lifted deck transformation up to an overall phase; (iii) Σ5 is static and

comoving in the FLRW slicing; and (iv) Σ5 is transverse to the zero section. Then

𝑟∗Σ5 = −Σ5, (39)

and the fixed locus of 𝑟 satisfies

𝑆2 × 𝑆1 ⊆ 𝑍(Σ5). (40)

Under transversality, the full zero set represents the mod-2 Poincaré dual class

[𝑍(Σ5)]2 = PD(𝑤1(ℒor)) . (41)

Proof. The pseudoscalar bilinear changes sign under the orientation-reversing part of the deck action, while the

assumed state invariance identifies the expectation value before and after the transformation. Therefore the resulting

section obeys 𝑟∗Σ5 = −Σ5. At a fixed point 𝑥 = 𝑟(𝑥), the two values lie in the same fiber and hence satisfy

Σ5(𝑥) = −Σ5(𝑥), so Σ5(𝑥) = 0. The fixed locus of the reflection on 𝑆3 is the equatorial 𝑆2, and its mapping-

torus locus is 𝑆2 × 𝑆1. Finally, a transverse section of a real line bundle has a mod-2 zero locus Poincaré dual to the

first Stiefel–Whitney class of that line bundle.

Remark 4.2 (Five Distinct Problems). The following are logically distinct:

1. existence of Σ5 as a smooth renormalized section [assumed in the theorem];

2. equivariance 𝑟∗Σ5 = −Σ5 [proved under the theorem hypotheses];

3. nonzero magnitude away from the nodal locus [open: OP-9];

4. dynamical stability of the nodal configuration [open: OP-9];

5. transversality [assumed in the theorem and requiring verification in a completed model].

4.3 Three-Level Hierarchy for Defects A and B

Lemma 4.3 (Line-Bundle Equivalence and Homology-Class Matching). Let ℒor and 𝐿𝑋 be real line bundles on 𝒦. Then

ℒor ≅ 𝐿𝑋 ⟺ 𝑤1(ℒor) = 𝑤1(𝐿𝑋) ∈ 𝐻1(𝒦; ℤ2). (42)

When these equivalent conditions hold, generic transverse zero sets represent the same mod-2 homology class:

[𝑊𝐴]2 = [𝑊𝐵]2 = PD(𝑤1(ℒor)) . (43)

The three levels remain distinct:

1. Proved conditionally: 𝑍(Σ5) ⊃ 𝑆2 × 𝑆1 under the hypotheses of Theorem 4.1.

9



Twisted Dynamics DOCUMENT III · HOW

2. Conditionally implied: equality of 𝑤1 classes implies line-bundle equivalence and equal generic mod-2 defect

class.

3. Open: whether the actual embedded defects are dynamically aligned, isotopic, or identical as physical sectors.

Lemma 4.4 (One-Sided Normal Bundle). Let 𝛾𝑡 ⊂ 𝑊𝐴 be the temporal 𝑆1 generator. Then

⟨𝑤1(𝜈𝑊𝐴), [𝛾𝑡]⟩ = 1 (mod 2). (44)

Consequently 𝑤1(𝜈𝑊𝐴) ≠ 0 and the defect is one-sided. Transport must therefore be formulated with local tubular

neighborhoods and the orientation/sign line, not by a globally defined inside/outside decomposition.

Proof. The normal coordinate is the reflected coordinate 𝑥1. Transport around the temporal generator applies one

spatial monodromy and hence sends the normal coordinate to −𝑥1 . The normal line has holonomy −1 and therefore

evaluates nontrivially on the temporal cycle.

4.4 Cosmological Epochs and Symmetry Breaking

The consistent group-theoretic sequence is

𝑈(1)𝑋
⟨Φ4⟩
−−→ ℤ𝑋

4
⟨𝐻⟩ or ⟨Φ2⟩
−−−−−−→ ℤ𝐹

2 . (45)

In the intended cosmological chronology, the Higgs VEV may perform the discrete reduction during electroweak

symmetry breaking, while Φ2 subsequently generates the right-handed Majorana mass without causing a second

independent ℤ4 → ℤ2 reduction. Thus Φ2 may change the low-temperature dynamics and rates without being

assigned a nonexistent second discrete-breaking stage.

• High 𝑇 : the 𝑈(1)𝑋 symmetry is unbroken, subject to the existence of the UV matter content and the chosen

deck-equivariant formulation.

• Electroweak Scale: the SM Higgs VEV breaks the SM gauge group. Because 𝑞𝑋(𝐻) = 2 mod 4, it can reduce ℤ𝑋
4

to its order-two subgroup, identified with fermion parity on the fermion spectrum.

• Low 𝑇 (𝑇 < 𝑀𝜈𝑅
): Φ2 may acquire a nonzero magnitude and generate the operator (13). Its rate, phase, and

transport effects remain open. A separate real sign-line order parameter 𝜙𝑋 may then describe a defect sector if the

microscopic theory actually generates it.

4.5 Effective Pseudoscalar Mass

The effective pseudoscalar mass is defined as an orientation-line-valued constitutive relation

𝑚5(𝜂, 𝑥) = 𝑔5Σ5(𝑥) ∈ Γ(ℒor), (46)

where [Σ5] = 3, [𝑔5] = −2, and [𝑚5] = 1 in four dimensions. The product 𝑚5Ψ̄𝑖𝛾5Ψ is orientation-even at the

level of the proposed transformation laws and is therefore a candidate globally defined interaction. The microscopic

origin of this coupling is OP-8.

4.6 Formal Mode Equation

After the conformal rescaling of a Dirac field on

𝑑𝑠2 = 𝑎2(𝜂) (−𝑑𝜂2 + 𝑑Ω2
3) , (47)
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the free Dirac operator on the unit 𝑆3 has eigenvalues

𝜆conf
𝑛 = ± (𝑛 + 3

2
) , 𝑑𝑛 = (𝑛 + 1)(𝑛 + 2). (48)

After choosing a complete eigenspinor basis, any quadratic CAR-preserving Hamiltonian can be written in Nambu

form. Suppressing spinor-harmonic and degeneracy labels,

𝑖 𝑑
𝑑𝜂

(𝑎𝑛
𝑏†

𝑛
) = ∑

𝑚
( 𝐴𝑛𝑚 𝐵𝑛𝑚

−𝐵∗
𝑛𝑚 −𝐴∗

𝑛𝑚
) (𝑎𝑚

𝑏†
𝑚

) , (49)

with

𝐴 = 𝐴†, 𝐵 = −𝐵𝑇 . (50)

The matrices contain the full time-dependent quadratic Hamiltonian, including the spatially varying effective pseu-

doscalar background if such a background is supplied.

Thematrices𝐴𝑛𝑚 and𝐵𝑛𝑚 are not evaluated here. No particle-production probability is claimed. OP-23 requires: (i) a

specified microscopic 𝑎(𝜂) andΣ5; (ii) evaluation of the mode matrix elements; (iii) solution of the evolution; (iv) proof

of CAR preservation and unitary implementability of the induced Bogoliubov map in the chosen Fock representation; (v)

imposition of the quotient-compatible quantum state; and (vi) computation of an invariant observable.

4.7 Baryogenesis Obstruction and Necessary Escape Conditions

This subsection does not demonstrate baryogenesis. It establishes a hierarchy of necessary conditions.

Obstruction 1: covering-space CP-odd cancellation. After choosing an orientation on the universal-cover 𝑆3 , write

the orientation-line section as Σ5 = 𝜎5𝑒or. The equivariance condition gives 𝜎5 ∘ 𝑟 = −𝜎5. The positive volume

density 𝑑𝜇ℎ =
√

ℎ 𝑑3𝑥 is 𝑟-invariant, so

∫
𝑆3

𝜎5(𝑥) 𝑑𝜇ℎ(𝑥) = 0. (51)

This is a statement about a chosen covering-space representative. It does not define a quotient observable and does not

by itself preclude a defect or local-system-valued observable.

Obstruction 2: twisted 𝐵 − 𝐿 current. The current is transformed into its conjugate under the deck action

and therefore is naturally twisted. The ordinary charge ∫ ∗𝐽𝐵−𝐿 is not automatically a gauge-invariant quotient

observable.

Obstruction 3: compact-slice Gauss law. Since the spatial slice is compact, a UV gauged 𝐵 − 𝐿 observable must

satisfy the corresponding Gauss constraint. Any proposed low-energy asymmetry therefore requires an explicit account

of the gauge sector, condensates, and any compensating flux or charge.

Obstruction 4: full-cycle consistency. A source that is locally nonzero need not generate a nonzero physical asymmetry

after one complete deck cycle. The physical observable must satisfy quotient invariance and its full-cycle evolution

must be computed.

Possible escape channels include:

1. defect-localized transport associated with a genuinely quotient-invariant observable;

2. a low-energy sector in which an appropriate asymmetry observable survives after gauge symmetry breaking;

3. compensating gauge, hidden-sector, or defect flux that satisfies the Gauss constraint while permitting a local

asymmetry;
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4. a nontrivial deck-equivariant/Floquet quantum sector whose physical observables are invariant under the quotient

action.

Necessary conditions. Any successful mechanism must supply simultaneously:

1. a gauge-invariant, quotient-compatible asymmetry observable (OP-6);

2. a microscopic 𝐵 − 𝐿-violating source and rate calculation (OP-15);

3. a CP-odd source term and its microscopic phase (OP-13);

4. a quantum state for which the source and transport observables are defined (OP-2, OP-19);

5. transport with a nonzero quotient-compatible result after the full cycle (OP-14, OP-21);

6. a Boltzmann/quantum-kinetic network including sphaleron conversion (OP-16).

No quantitative baryon asymmetry is claimed. The present result is an obstruction analysis and a definition of the

conditions a successful baryogenesis calculation would have to satisfy.

5 Smith-Map Anomaly Framework and the Pure-Gravitational Obstruction

5.1 Three-Stage Formulation

The relevant anomaly technology is a bordism-level Smith correspondence. In the standard Spinℤ4 setting, the known

relation is

ΩSpinℤ4
5 ≃ ΩPin+

4 ≃ ℤ16 (52)

with the Smith construction relating a five-dimensional generalized-spin background with a suitable order-

parameter/section to its four-dimensional Pin+ defect [6, 4]. The present problem is more general because the full

proposed construction contains gauge and global deck data beyond the minimal Spinℤ4 structure.

Stage I: Specify the generalized 5D data. A futuremixed calculationmust specify a closed or bordant five-dimensional

generalized background

(𝑌5, 𝑃local, 𝑃𝐺, 𝑠) (53)

with all local generalized-spin, gauge, deck-equivariant, and order-parameter data, together with the equivalence

relation under which the bordism group is defined.

Stage II: Smith defect construction. The order parameter 𝑠 or its associated section must have a transverse zero locus

carrying the induced Pin+ structure and gauge/deck data. The three-dimensional physical defect in the cosmological

spacetime is not by itself the input to the five-dimensional bordism homomorphism.

Stage III: Mixed anomaly test. Only after the generalized structure and its bordism class have been defined can one

evaluate the corresponding Dai–Freed/eta invariant. A nontrivial mixed value would constitute a genuinely generalized

anomaly realization. The present paper does not evaluate that invariant.

Exact pure-gravitational result. Let 𝒦 = 𝑆(𝐸) with 𝐸 = 𝜇 ⊕ 𝜀3 as below. Then both Pin+ structures on 𝒦 extend

across the disk bundle 𝐷(𝐸). Hence
[𝒦, 𝑃Pin+ ] = 0 ∈ ΩPin+

4 ≅ ℤ16 (54)

for each of the two Pin+ structures. The Klein Block is therefore not a generator of the pure-gravitational Pin+ bordism

group. Any nontrivial anomaly compatible with this geometry must use additional generalized gauge, fermion, or deck

data.
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5.2 The 16-Fermion Relation and Its Correct Scope

The known Spinℤ4 /Pin+ anomaly framework relates a 𝑞𝑋 = 1 mod 4 Weyl fermion to one three-dimensional Pin+

Majorana defect mode in the Smith construction. Sixteen such Weyl components have total index

16 ≡ 0 (mod 16), (55)

and this is the origin of the familiar 16-fermion relation in the anomaly literature [4]. The statement is a property

of the fermion spectrum together with the specified generalized symmetry structure. It is not the statement that the

present Klein Block represents the nonzero generator of ΩPin+

4 .

Structural Claim 5.1 (Fermion-spectrum ℤ16 relation). For the chosen anomaly-framework assignment, the minimal

gauged-𝐵 − 𝐿 generation contains

6𝑄 + 3𝑢𝑅
+ 3𝑑𝑅

+ 2𝐿 + 1𝑒𝑅
+ 1𝜈𝑅

= 16 (56)

Weyl components in the all-right-moving count, with every field carrying 𝑞𝑋 ≡ 1 (mod 4). Therefore the associated
spectrum index is 16 ≡ 0 (mod 16). This applies the known anomaly framework to the present charge assignment;

it does not derive the mixed anomaly of the Klein Block.

Theorem 5.1 (Pure Pin+ Bordism Class of the Klein Block). Let 𝐸 = 𝜇 ⊕ 𝜀3 be the rank-four real vector bundle over

𝑆1, with 𝜇 the Möbius line bundle, and let 𝒦 = 𝑆(𝐸) be its unit-sphere bundle. Then 𝒦 admits exactly two Pin+

structures, and both represent the trivial element of ΩPin+

4 .

Proof. Let 𝑊 = 𝐷(𝐸) be the associated unit-disk bundle. Its boundary is

𝜕𝑊 = 𝑆(𝐸) = 𝒦. (57)

The disk bundle deformation retracts onto the base 𝑆1, and stably

𝑇 𝑊 ≃ 𝜋∗(𝑇 𝑆1 ⊕ 𝐸). (58)

Since 𝑇 𝑆1 is oriented and 𝐸 = 𝜇 ⊕ 𝜀3, the bundle 𝑇 𝑆1 ⊕ 𝐸 has

𝑤2(𝑇 𝑆1 ⊕ 𝐸) = 0. (59)

Hence 𝑊 admits Pin+ structures. Moreover,

𝐻1(𝑊; ℤ2) ≅ ℤ2, 𝐻1(𝒦; ℤ2) ≅ ℤ2. (60)

The restriction map

𝐻1(𝑊; ℤ2) ⟶ 𝐻1(𝒦; ℤ2) (61)

is an isomorphism because both fibrations have simply connected fiber (𝐷3 and 𝑆2 , respectively) and base 𝑆1 . Pin+

structures, when they exist, form torsors over 𝐻1(−; ℤ2) [13]. Therefore the two Pin+ structures on 𝑊 restrict

bijectively to the two Pin+ structures on 𝒦. Both boundary structures extend across 𝑊 , so both represent the zero

element of ΩPin+

4 .

Remark 5.2 (Independent characteristic-class check). The orientation line of 𝒦 is pulled back from the generator

𝑎 ∈ 𝐻1(𝑆1; ℤ2). Hence
𝑤1(𝒦)2 = 0, 𝑤1(𝒦)4 = 0. (62)

This is a consistency check with the explicit null-bordism. It is not used as a substitute for the bordism proof.

13
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5.3 Status of the 16-Fermion Count

Table 6: Status of each component of the 16-fermion argument.

Statement Status

16Weyl components perminimal gauged-𝐵−𝐿 generation Spectrum counting

𝑞𝑋 ≡ 1 (mod 4) assignment Model input / derived from chosen charges

Ordinary local anomaly cancellation Explicitly checked

General ℤ4/ Pin+ relation Known result [4]

Pure Pin+ class of the present Klein Block Derived: 0
Present defect realizes the corresponding zero modes Open (OP-12)

Topology enforces exactly 16 Not established

Remark 5.3 (Novelty Statement). The 16-component count is not claimed as a new anomaly result. The proposed novelty

is a possible use of the specific Klein Block geometry together with additional generalized gauge/deck data to define a

mixed anomaly problem. The pure-gravitational route is shown here to be trivial.

5.4 Ordinary Gauge Anomalies

The ordinary perturbative anomaly conditions are distinct from the fermionicℤ16 discussion [7]. With themultiplicities

shown in the fermion table, one generation gives

∑ 𝑌int = 2(−3) + 6(1) + 6 + 3(−4) + 3(2) = 0, (63)

∑(𝐵 − 𝐿)int = 2(3) + 6(−1) − 3 + 3(1) + 3(1) − 3 = 0, (64)

∑ 𝑌 3
int = 2(−3)3 + 6(1)3 + 63 + 3(−4)3 + 3(2)3 = 0, (65)

∑(𝐵 − 𝐿)3
int = 2(3)3 + 6(−1)3 + (−3)3 + 3(1)3 + 3(1)3 + (−3)3 = 0, (66)

∑ 𝑌 2
int(𝐵 − 𝐿)int = 0, (67)

∑ 𝑌int(𝐵 − 𝐿)2
int = 0. (68)

The non-Abelian mixed anomalies also vanish:

𝒜𝑆𝑈(3)2𝑌 = 𝒜𝑆𝑈(3)2(𝐵−𝐿) = 𝒜𝑆𝑈(2)2𝑌 = 𝒜𝑆𝑈(2)2(𝐵−𝐿) = 0. (69)

There are four 𝑆𝑈(2) doublets per generation, so the Witten 𝑆𝑈(2) global anomaly is absent. These checks establish

ordinary gauge consistency of the displayed gauged-𝐵 − 𝐿 spectrum; they do not establish any nontrivial Pin+ or

mixed bordism class.

6 Epistemic Firewall and Open Problems

The remaining questions are organized by logical dependency rather than by optimism or pessimism. Each item is an

explicit test of the proposed model.

Foundational Prerequisites

These items block the physical interpretation of later calculations.

1. OP-6: Global asymmetry observable. Construct a gauge-invariant and quotient-compatible low-energy asymmetry

observable, including the compact-slice Gauss constraint and the effects of the symmetry-breaking sector.

14
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2. OP-18: Full generalized background bundle. Construct the representation-compatible local generalized fermion

bundle, gauge data, and global deck lift. This includes the global Standard-Model center quotient and all consistency

conditions on 𝑈𝐹 .

3. OP-2: Quotient-compatible quantum state. Construct a sufficiently regular state satisfying the deck/Floquet

condition. Establish existence, Fock-space/unitary implementability where applicable, and the microlocal regularity

needed for renormalized observables.

4. OP-19: Physical quotient QFT. Determine whether an acceptable quantum field theory and renormalized local

observables exist on the chronology-violating quotient for the selected state and field content.

Core Open Problems

These determine whether the central geometric and anomaly structures actually extend to physics.

5. OP-4: Mixed Smith construction and evaluation. Specify the full five-dimensional generalized bordism problem

and evaluate its invariant. The calculation must determine whether the generalized structure extends over the

explicit disk-bundle null-bordism or whether the added gauge/deck data obstruct extension.

6. OP-1: Twisted Poincaré fixed point. Construct a smooth nonsingular Einstein–matter solution satisfying the

twisted return equation; then determine its stability.

7. OP-3: Full SM Lagrangian descent. Verify generalized-CP, Yukawa, Higgs, gauge, flavor, and global quotient

consistency.

8. OP-8: Microscopic condensate sector. Define a gauge-invariant microscopic interaction whose quantum dynamics

can generate the proposed orientation-line condensate.

9. OP-9: Condensation, transversality, and stability. Prove existence of a nonzero condensate away from the nodal

locus, verify transversality, and determine the stability of the defect configuration.

10. OP-10: Alignment of Defects A and B. Determine whether the orientation-odd CP defect and the ℤ𝑋
4 sign-line

defect dynamically align or are isotopic.

Phenomenological Programme

These items determine whether the completed structure can reproduce known cosmological physics.

12. OP-7: Exact condensate profile. Compute Σ5(𝑥) in a specified state using a covariant renormalization prescrip-

tion.

13. OP-11: Defect stress tensor and backreaction. Compute ⟨𝑇𝜇𝜈⟩ren and determine whether the assumed FLRW

background survives self-consistently.

14. OP-12: Localized fermion modes. Determine whether the one-sided 𝑆2 × 𝑆1 defect supports the expected

localized modes in the actual microscopic theory.

15. OP-13: CP-odd source term. Derive the microscopic CP-violating source rather than identifying an order parameter

with a source by assumption.

16. OP-14: Quotient-compatible baryogenesis observable. Identify an invariant quantity not eliminated by the

covering-space cancellation and evaluate its full-cycle evolution.

17. OP-15: 𝐵 − 𝐿-violating dynamics. Determine the rate, phase structure, and transport role of the Majorana sector

allowed by (13).

18. OP-16: Boltzmann/quantum-kinetic network. Solve the coupled transport equations, including sphaleron conver-

sion where applicable.

19. OP-17: Quantitative baryon asymmetry. Determine whether the completed mechanism can reproduce the

observed order of magnitude of the baryon-to-photon asymmetry.

20. OP-20: Vacuum polarization. Compute the renormalized stress tensor and related observables on the chronology-

violating quotient for the constructed state.
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21. OP-21: Full-cycle cancellation test. Evaluate the invariant full-cycle source/transport observable, not merely a

local CP-odd integral.

22. OP-22: Tolman entropy consistency. Determine whether irreversible entropy production can coexist with the

proposed cyclic quotient and quantum state.

23. OP-23: Mode coupling, Bogoliubov evolution, and implementability. Evaluate 𝐴𝑛𝑚[𝑎, Σ5] and 𝐵𝑛𝑚[𝑎, Σ5],
solve the mode system, prove the necessary operator-theoretic implementability conditions, and compute invariant

observables.

7 Open Research Programme: What the Framework Gains

Each open problem, if resolved, upgrades the framework by a specific amount. Conversely, each failure constrains or

falsifies a corresponding layer of the proposed model.

1. If the mixed Smith problem is solved (OP-4, OP-18): a nontrivial generalized invariant would have to arise

from the additional gauge/deck/fermion structure, because the pure-gravitational Klein Block class is exactly zero.

A successful result would therefore be genuinely mixed rather than a claim that the underlying spacetime itself

generates ℤ16.

Failure implies: If every admissible generalized structure extends over the relevant bordism, then the proposed

anomaly route is trivial for this topology and model data.

2. If the twisted Einstein–matter solution is found (OP-1): the kinematic periodicity theorem becomes realized by

an actual nonsingular dynamical solution. Stability remains a separate test.

Failure implies: the Klein Block may remain a valid kinematic quotient without furnishing a nonsingular dynamical

cosmology in the proposed matter sector.

3. If the quantum state is constructed (OP-2, OP-19): quotient-compatible particle, condensate, and stress-tensor

observables become mathematically definable. QFT regularity and operator-theoretic implementability must still

be verified.

Failure implies: the programme remains classical/topological rather than a completed quantum model.

4. If the quotient-compatible asymmetry observable is defined (OP-6, OP-14): baryogenesis becomes a well-posed

calculation in physical observables rather than a covering-space proxy.

Failure implies: the baryogenesis programme terminates in this quotient formulation even if local CP-odd structures

exist.

5. If the microscopic condensate sector is defined (OP-8, OP-9): Σ5 can be computed rather than assumed, and the

conditional nodal theorem can be tested dynamically.

Failure implies: the nodal theorem remains mathematically valid under its hypotheses but lacks a physical order

parameter in the proposed theory.

6. If the full SM Lagrangian descends (OP-3): the framework becomes a candidate formulation of the Standard

Model on the selected spacetime, subject to the quantum-state and anomaly tests.

Failure implies: the proposed topology cannot host the intended Standard Model implementation without changing

the field content or global structure.

7. If Defects A and B align (OP-10): the geometric CP defect and the generalized gauge/anomaly defect can be

interpreted as one physical sector.

Failure implies: they remain distinct structures and any mechanism linking them must be supplied separately.

8. If the full observable and transport programme succeeds (OP-6, OP-13–OP-17, OP-21): the three-paper frame-

work acquires a quantitative cosmological prediction that can be compared with data.

Failure implies: the geometric/ontological construction may still have mathematical interest, but it does not furnish

the proposed baryogenesis mechanism.
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8 Conclusion

What is proven. The paper establishes compatibility of the twisted return condition with constraint propagation

under explicit evolution and action-symmetry hypotheses; kinematic periodicity of any descended FLRW scale factor;

conditional kinetic-sector equivariance of fermions once the required generalized bundle data exist; the conditional

nodal theorem for an orientation-odd condensate; one-sidedness of the resulting 𝑆2 × 𝑆1 defect; the line-bundle

criterion for matching the two defect classes; and the ordinary anomaly cancellation of the displayed gauged-𝐵 − 𝐿
spectrum. Most importantly, it proves that the pure-gravitational Pin+ bordism class of the Klein Block is trivial for

both Pin+ structures.

What is formulated as conditional. The generalized fermion gluing law, the microscopic condensate interaction,

the defect identification, the mode equation, the quotient-compatible asymmetry observable, and the mixed Smith

construction are all formulated with their missing hypotheses made explicit.

What remains open. The non-linear twisted cosmological solution, full generalized SM bundle, quotient quantum

state, mixed anomaly invariant, microscopic condensate, localized modes, transport, backreaction, entropy consistency,

and quantitative baryon asymmetry remain open problems.

What the framework gains. The paper does not require these open questions to be silently treated as established facts.

Instead, it shows exactly how they enter the proposed model and what each successful or failed resolution would mean.

This makes Document III a constructive foundation for future research rather than a claim of completed physical

validation.

The central conclusion is therefore deliberately two-sided:

Klein topology alone does not produce the desired pure-gravitational ℤ16 class

and, at the same time,

the complete generalized geometry + fermion + gauge + deck structure

remains a precise testable possibility.

The three-paper programme consequently reaches a meaningful candidate-model stage: the ontological premise selects

the topological structure in the preceding papers, while the present paper determines the dynamical and quantum

consistency architecture required for physical completion. Future work can now confirm, constrain, modify, or falsify

the resulting model by explicit calculations.

Excluded Claims

This paper explicitly does not claim:

1. that the three-paper programme has proved the proposed model to be the actual physical universe;

2. that a nonsingular periodic Einstein–matter solution exists;

3. that the full Standard Model descends to the Klein Block;

4. that the mixed Smith invariant has been evaluated;

5. that the quantum state on the quotient has been constructed;

6. that the exact condensate has been computed;

7. that baryogenesis has been demonstrated or that a quantitative 𝜂𝐵 has been derived;

8. that the Tolman entropy problem has been resolved;

9. that the 16-fermion count is a topological prediction of the Klein Block;

10. that the pure-gravitational Pin+ class of the Klein Block is nontrivial.
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A Explicit Charge and Anomaly Checks

For clarity, the anomaly calculation uses the six Weyl multiplets in the all-right-moving convention, with multiplicities

(2, 6, 1, 3, 3, 1) for (ℓ𝑐
𝐿, 𝑞𝑐

𝐿, 𝑒𝑅, 𝑢𝑅, 𝑑𝑅, 𝜈𝑅). The displayed 𝑌int and (𝐵 − 𝐿)int charges reproduce the standard
gauged-𝐵 − 𝐿 spectrum after the common normalization specified in Section 3.

The mixed Abelian trace is

Tr(𝑌int(𝐵 − 𝐿)int) = −48 (70)

per generation, so zero kinetic mixing is a renormalization condition rather than a radiatively protected equality for

the displayed matter sector. By contrast, all cubic and gravitational anomaly sums displayed in Section 5 vanish.

The 𝑋 charges satisfy

𝑞𝑋(every fermion) ≡ 1 (mod 4), 𝑞𝑋(𝐻) ≡ 2 (mod 4),
𝑞𝑋(Φ4) ≡ 0 (mod 4), 𝑞𝑋(Φ2) ≡ 2 (mod 4).

(71)

Consequently Φ4 leaves ℤ𝑋
4 unbroken and either 𝐻 or Φ2 can reduce it to the order-two subgroup. In the intended

chronology the Higgs VEV performs that discrete reduction at electroweak symmetry breaking, whileΦ2 later generates

the Majorana operator.

The gauge-invariant Majorana operator is

ℒ𝑀 = −1
2

𝑦𝑁Φ2𝜈𝑅𝜈𝑅 + h.c., (72)

with vanishing total 𝐵 − 𝐿 and 𝑋 charges as shown above.

B Sphere-Bundle Description and One-Sided Defect

Let 𝜇 → 𝑆1 denote the Möbius line bundle and set 𝐸 = 𝜇 ⊕ 𝜀3. The reflection of one coordinate on 𝑆3 is the

sphere-bundle monodromy of 𝑆(𝐸), hence

𝒦 ≅ 𝑆(𝐸), 𝑊𝐴 = 𝑆(𝜀3) ≅ 𝑆2 × 𝑆1. (73)

The normal line of 𝑊𝐴 inside 𝑆(𝐸) is canonically the restriction of 𝜇. Therefore

𝜈𝑊𝐴 ≅ 𝜋∗𝜇, 𝑤1(𝜈𝑊𝐴) = 𝜋∗𝑤1(𝜇), (74)

and the temporal generator obeys

⟨𝑤1(𝜈𝑊𝐴), [𝛾𝑡]⟩ = 1 (mod 2). (75)

This gives a global bundle proof of one-sidedness.

C Canonical Meaning of the Formal Nambu Equation

After the standard conformal rescaling of a Dirac field on

𝑑𝑠2 = 𝑎2(𝜂) (−𝑑𝜂2 + 𝑑Ω2
3) , (76)

the free spatial Dirac operator on the unit 𝑆3 has eigenvalues ±(𝑛 + 3/2) with degeneracy (𝑛 + 1)(𝑛 + 2) [14].
Let 𝑎𝑛 and 𝑏𝑛 denote corresponding annihilation operators after choosing a complete orthonormal eigenspinor basis.
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Any quadratic CAR-preserving Hamiltonian can be written as

𝑖 𝑑
𝑑𝜂

( 𝑎
𝑏†) = ( 𝐴 𝐵

−𝐵∗ −𝐴∗) ( 𝑎
𝑏†) , (77)

with

𝐴 = 𝐴†, 𝐵 = −𝐵𝑇 . (78)

For a genuine infinite-dimensional fermionic Bogoliubov transformation, unitary implementation in a fixed Fock

representation requires the anomalous part to satisfy the appropriate Hilbert–Schmidt condition. The present paper

does not evaluate that condition; it is included explicitly in OP-23.
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